Abstract. We extend the results of Drinfeld on Drinfeld functor to the case ℓ ≥ n. We present the character of finite-dimensional representations of the Yangian Y (sln) in terms of the Kazhdan-Lusztig polynomials as a consequence.
Introduction
In this article we study the representations of the Yangian Y (sl n ). The Yangian is a quantum group introduced by V. G. Drinfeld [1] . The parameterization of finite-dimensional representations of Y (sl n ) was obtained in [2] by sequences of monic polynomials Q(u) = (Q 1 (u), . . . , Q n−1 (u)) called the Drinfeld polynomials. Furthermore, he constructed in [3] a functor from the category C H ℓ of finitedimensional representations of degenerate affine Hecke algebra H ℓ to the category C Y (sln) of finite-dimensional representations of Y (sl n ). This functor is called the Drinfeld functor. It was stated in [3] that as well as the classical Frobenius-Schur duality, the Drinfeld functor gives the categorical equivalence between certain subcategories of C H ℓ and C Y (sln) in the case ℓ < n. Chari-Pressley generalized this duality to the case between the affine Hecke algebra and the quantum affine algebra. They proved that the categorical equivalence holds in this case as well provided that ℓ < n ( [4] ).
However, due to the restriction ℓ < n, the above categorical equivalence does not describe all the finite-dimensional representations of the Yangian Y (sl n ). In particular, even the characters of finite-dimensional representations of Y (sl n ) have not been known, except for the case n = 2 ( [5] ) and the special class of representations called tame ( [6] ).
The main purpose of this article is to extend the Drinfeld's results [3] to the case ℓ ≥ n. To be more precise, we first show the followings without restriction ℓ < n:
1. The Drinfeld functor sends standard modules of H ℓ to zero or highest modules of Y (sl n ) (Theorem 8). 2. The Drinfeld functor sends simple modules of H ℓ to zero or simple modules of Y (sl n ) (Theorem 10).
Here the standard modules are certain induced H ℓ -modules which have unique simple quotients (see subsection 1.4). We also determine the explicit images of the standard modules. It turns out that the highest weight modules obtained as the images of standard modules are those tensor product modules of evaluation representations studied in [7, 8] . We note that any simple Y (sl n )-module is isomorphic to the image of a simple H ℓ -module for some ℓ. Further, combining the above results with that of the representation theory of H ℓ , we state the following:
3. The multiplicity formula of Y (sl n ) expressed in terms of . This is the result of considering the composition D ℓ • F λ of the two exact functors, where F λ is the functor from the Bernstein-Gelfand-Gelfand category of representations of the complex Lie algebra gl r to the category C H ℓ , obtained by Suzuki and the author in [9] .
1. Preliminaries 1.1. Yangian. Let n be a positive integer. First we review fundamental facts about the algebra structure of the Yangian Y (sl n ). Our main references are [2, 3, 10, 11] and we mainly follow the notation of [10, 11] . Let
where P is the permutation operator in C n ⊗C n and u is a parameter. Let E ij ∈ gl n denote the usual matrix operator on C n . The Yangian Y (gl n ) is the associative algebra over C with generators t
. . ) and the defining relations
where
Here both sides of (1.1.1) are regarded as elements of
and the subindexes of t(u) and R(u) indicate to which copy of End(C n ) these matrices correspond.
The defining relations (1.1.1) are equivalent to the following relations:
The algebra Y (gl n ) is a Hopf algebra with coproduct
antipode S(t(u)) = t(u) −1 and counit ε(t(u)) = 1. Let U (gl n ) denote the universal enveloping algebra of the complex Lie algebra gl n . The algebra U (gl n ) is considered as a subalgebra of Y (gl n ) by the inclusion homomorphism defined by
ij . On the other hand, for a ∈ C, the map
defines an algebra homomorphism. For a gl n -module V , let ev a (V ) denote the Y (gl n )-module obtained by pulling V back by (1.1.4).
The quantum determinant qdet t(u) is defined as
where W n denotes the symmetric group S n . The coefficients of the quantum determinant are algebraically independent and generate the center
defines an automorphism of Y (gl n ). It is known that the Yangian Y (sl n ) can be defined as the subalgebra of Y (gl n ) consisting of elements fixed by all automorphisms of the form (1.1.5) ( [10] ). One has a tensor product decomposition
Hence any Y (gl n )-module can be considered as a Y (sl n )-module.
Let
, and (1.1.7) defines a filteration on Y (gl n ). Let gr Y (gl n ) denote the corresponding the grade algebra; [11, 12] 
The vector v is called the highest weight vector of V and the sequence ζ(u) = (ζ 1 (u), . . . , ζ n (u)) is called the highest weight of V . The central element qdet t(u) acts as a constant ζ 1 (u)ζ 2 (u−1) . . . , ζ n (u−n+1) on a highest weight module V . As in the classical Lie algebra theory, any highest weight Y (gl n )-module has a unique simple quotient in which the image of its highest weight vector is nonzero.
A simple highest weight module of Y (gl n ) is finite-dimensional if and only if there exists a sequence of monic polynomials Q(u) = (Q 1 (u), . . . , Q n−1 (u)) such that
for k = 1, . . . , n − 1. Drinfeld showed that there is a one-to-one correspondence between finite-dimensional simple Y (sl n )-modules and sequences of monic polynomials Q(u) = (Q 1 (u), . . . , Q n−1 (u)) defined by (1.2.1) ( [3] ). The Q(u) are called Drinfeld polynomials.
Remark 1. The standard symbol for the Drinfeld polynomials is P (u). However, this symbol for a polynomial is reserved for the Kazhdan-Lusztig polynomials in this article.
1.3. Degenerate Affine Hecke Algebra. Let ℓ be a positive integer. Let h ℓ be the Cartan subalgebra of gl ℓ , which consists of diagonal matrices. Define a basis
of h ℓ by putting ǫ i = E ii . The dual space h * ℓ is identified with h ℓ via the inner product ǫ i , ǫ j = δ ij .
Let R ℓ be the root system of gl ℓ ; α. We identify coroots with roots throughout this article. Let s α ∈ W ℓ denote the reflection corresponding to α ∈ R ℓ ;
Let S(h ℓ ) be the symmetric algebra of h ℓ , which is isomorphic to the polynomial ring over h * ℓ . The degenerate affine Hecke algebra H ℓ of GL ℓ ( [2] ) is the associative algebra over C such that
as a vector space, the subspaces C[W ℓ ] ⊗ C and C ⊗ S(h ℓ ) are subalgebras of H ℓ , and the following relations hold in it;
where the elements ξ ∈ h ℓ and w ∈ W ℓ are identified with 1⊗ξ ∈ H ℓ and w ⊗1 ∈ H ℓ respectively. One has
We put H 0 = C for convenience. The center Z(H ℓ ) of this algebra equals the
Then one can see by direct calculations that
The algebra H ℓ is isomorphic to the C-algebra with generators w ∈ W ℓ and y i (i = 1, . . . , ℓ) with the defining relations (1.3.3), (1.3.4) and the relations of w's in W ℓ . Let 
Letȳ i denote the image of y i in gr H ℓ . Then gr H ℓ is isomorphic to the C-algebra generated by C[W ℓ ] and the polynomial ring C[ȳ 1 , . . . ,ȳ ℓ ] with the relations
1.4. Representations of degenerate affine Hecke algebra. In this subsection we review the theory of the representations of H ℓ studied in [14, 15, 16, 17] , along the line introduced in [9] and developed in [18] . Let C H ℓ denote the category of finite-dimensional representations of H ℓ . Let r be a nonnegative integer. The representation theory of H ℓ is well-described by the language of the Bernstein-Gelfand-Gelfand category O r of gl r , via the functors [9, 18] : Let
Zǫ i
An element of P + r (resp. P + r,Z ) is called the dominant (resp. integral dominant) weight.
For λ ∈ h * r , there is a functor form O r to C H ℓ defined by
where n − r denotes the nilpotent subalgebra of gl r generated by lower triangular matrices E ij |i − j > 0 and X λ denotes the weight space of weight λ of a gl rmodule X. The action of H ℓ on the space F λ (X) is given by
where Ω ij denotes an endomorphism of X ⊗ (C r ) ⊗ℓ which acts as the Casimir Ω = rs E rs ⊗ E sr on the tensor product of i-th and j-th factors and by identity on all other factors. Here the 0-th factor corresponds to X ∈ O r . The functor
Let Wt(X) denote the space of weights of a gl r -module X. Then, clearly
For λ ∈ h * r and µ ∈ S(λ, ℓ), define an H ℓ -module
Then the correspondence 1 λ,µ → 1 defines an isomorphism of W ℓ -modules
(1.4.6)
For a partition ν of ℓ, let U (ν) denote the simple W ℓ -module associated with ν. For λ ∈ h * r and µ ∈ S(λ; ℓ), let ν λ,µ denote the partition of ℓ obtained by forgetting the order of (ℓ 1 , . . . , ℓ ℓ ), where
as a W ℓ -module, where > is the dominance order in the set of partitions and c ν is some nonnegative integer (see [19] , for example). It is known that if λ ∈ P + r , the W ℓ -simple component U (ν λ,µ ) generates K(λ, µ) over H ℓ , hence it has an unique simple quotient L(λ, µ) which contains U (ν λ,µ ) with multiplicity one ( [14, 15] , see also [18] ). The module K(λ, µ) with λ ∈ P + r and µ ∈ S(λ; ℓ) is called a standard module of H ℓ .
Let W λ ⊂ W r denote the stabilizer of λ ∈ h * r . Notice that if µ ∈ S(λ; ℓ), then w · µ ∈ S(λ; ℓ) for all w ∈ W λ . One has
for λ ∈ P + r and µ, µ ′ ∈ S(λ; ℓ) ( [14, 15] ). It is known that any simple H ℓ -module is isomorphic to L(λ, w · µ) for some λ, µ ∈ P + r and w ∈ W λ \W r /W µ such that w · µ ∈ S(λ; ℓ) for some r ∈ N. ( [14, 15] ).
Let M (λ) be the Verma module of gl r with highest weight λ − ρ and let L(λ) denote its unique simple quotient. Let λ, µ ∈ P + r and w ∈ W λ \W r /W µ such that w · µ ∈ S(λ; ℓ). Then one of the main results in [9, 18] is stated as follows:
where w LR denotes the longest length representative of w in the double coset W λ wW µ .
Drinfeld Functor
Here we regard C n as the vector representation of gl n . For x ∈ gl n and i = 1, . . . , ℓ, let τ i (x) denote the endomorphism of M ⊗ (C n ) ⊗ℓ which acts as x ∈ gl n on the i-th factor of the tensor product (C n ) ⊗ℓ and by identity on all other factors.
Define an action of the Yangian
. By the fact that S(h ℓ ) is commutative, (2.1.1) gives a well-defined action of Y (gl n ) (recall (1.1.4) and (1.1.3)).
The symmetric group W ℓ naturally acts on M ⊗ (C n ) ⊗ℓ by s ij → K ij P ij , where K ij denotes its action on M and P ij denotes its action on (C n ) ⊗ℓ by permutation. Now define
The following proposition is due to Drinfeld ([2] , see also [4, 20] ).
Proof. It is enough to show that
. This follows from the formula
, which can be proven by direct calculations using the defining relations (1.3.1) and the commutation relation [P i ,
The action of Y (gl n ) on the space D ℓ (M ) will be denoted by the same symbol π.
Let C Y (gl n ) and C Y (sln) denote the category of finite-dimensional representations of Y (gl n ) and Y (sl n ) respectively. Then D ℓ defines an exact functor from C H ℓ to C Y (gl n ) or C Y (sln) . The functor D ℓ is called the Drinfeld Functor ([2] ). Note that our definition of the Drinfeld functor slightly differs from that of [2] . If ℓ < n, then one can construct the inverse functor using the method in [4] and show that the functor D ℓ gives a categorical equivalence between certain subcategries of C H ℓ and C Y (sln) ([3] ). However, the method in [4] does not apply to the case ℓ ≥ n.
2.2.
The following proposition follows from the Frobenius-Schur duality.
⊕cν as a gl n -module, where ν ′ is the transpose of a partition ν identified with the dominant integral weight of gl n .
See [4] for the proof of the following proposition. 
as a Y (gl n ) and Y (sl n )-module.
The following formula was stated in [20] as a conjecture.
We prove by induction on k that
There is nothing to prove for k = 1. Let k > 1. By induction hypothesis,
n for k = 0, . . . , n and let v Λ k denote the highest weight vector of the simple gl n -module L(Λ k + ρ). Then we can identify v Λ k with the highest weight vector of the simple Y (gl n )-module ev a (L(Λ k + ρ)) (a ∈ C). It can be checked directly that its weight (ζ 1 (u) , . . . , ζ n (u)) is given by
By Proposition 5, we have the following proposition, due to Chari-Pressley [4] .
Proposition 6. Let a, b be complex numbers such that
3. Main results
For a subspace
The proof of the following proposition is in Section 4.
Proposition 7. Let M be an H ℓ -module such that M is generated by some simple
For λ ∈ h * r and µ ∈ S (n) (λ), define a tensor product module M (λ, µ) of Y (gl n ) by
. . , n, where
Notice that for µ ∈ S(λ; ℓ), the condition µ ∈ S (n) (λ; ℓ) is equivalent to ν λ,µ (ǫ 1 ) ≤ n (recall subsection 1.4).
Theorem 8.
(1) The Drinfeld functor sends a standard module of H ℓ to zero or a highest weight module of Y (gl n ).
(2) More precisely, let λ ∈ P + r and µ ∈ S(λ; ℓ). Then,
In particular, M (λ, µ) is highest weight with the highest weight vector v λ,µ and the highest weight ζ λ,µ (u).
Proof. (1) Let M be a standard module and suppose that
Hence it follows that D ℓ (M ) is a highest weight module whose highest weight vector is the gl n -highest weight vector of L(ν
. (2) The isomorphism (3.1.3) follows from Proposition 4 and Proposition 6. In fact, (3.1.3) holds without restriction λ ∈ P + ℓ . The rest of the statement follows from (1).
Remark 9. The fact that M (λ, µ) is highest weight for λ ∈ P + r was proved by Akasaka-Kashiwara ( [7] ) in the case of the quantum affine algebra and by NazarovTarasov ( [8] ) in the case of the Yangian.
Let us call those Y (gl n )-modules M (λ, µ) with λ ∈ P + ℓ and µ ∈ S (n) (λ; ℓ) standard tensor product modules of Y (gl n ). By Theorem 8 (2), a standard tensor product module M (λ, µ) has a unique simple quotient, which is denoted by V (λ, µ). Then by (3.1.2), its Drinfeld polynomials Q λ,µ (u) = (Q λ,µ;1 (u), . . . , Q λ,µ;n−1 (u)) are given by
where λ i = λ(ǫ i ) and µ i = µ(ǫ i ) ( [4, 7, 8] ).
Theorem 10.
(1) The Drinfeld functor sends a simple H ℓ -module to zero or a simple Y (gl n )-module.
which contradicts the assumption that V is proper. (2) follows from (1), Theorem 8 (2) and and the fact that L(λ, µ) has the simple W ℓ -module U (ν λ,µ ) with multiplicity one.
Remark 11. By (3.1.4), it is easy to see that every simple Y (sl n )-module appears as the image of a simple H ℓ -module by the Drinfeld functor for some ℓ.
Remark 12. When λ − ρ and µ − ρ are both dominant integral weights, V (λ, µ) belongs to the class of representations called tame ( [6] ). Conversely, any simple tame module is isomorphic to V (λ, µ) with λ − ρ, µ − ρ ∈ P + r,Z for some ℓ.
3.2.
Multiplicity Formula. For λ, µ ∈ P + r , define
Lemma 13. Let λ, µ ∈ P + r and w, w
Proof. First notice that the condition w ≡ w ′ in the double coset W λ \W r /W µ is equivalent to the condition that the following sets of pairs of complex numbers are equal;
Hence the direction ⇐ is easy to see. ⇒. Let
be the result of removing the common pairs from (3.2.1) so that a i ≥ a j if a i −a j ∈ Z for 1 ≤ i < j ≤ k. We suppose that k ≥ 1 and deduce a contradiction. By the assumption Q λ,w·µ (u) = Q λ,w ′ ·µ (u), the differences a i − b i and a i − b ′ i are all 0 or n.
Now by the assumption, (
Proof. (1) ⇒ (2) follows from Theorem 8 and the fact that a simple quotient of a highest weight module is unique. (2) ⇒ (3) follows from Lemma 13 and (3) ⇒ (1) follows from (1.4.8).
defines an injective map from the set W (n) r (λ, µ) to the set of equivalence classes of finite-dimensional Y (sl n )-modules.
Let ≤ denote the Bruhat ordering in W r and let P w,x (q) denote the KazhdanLusztig polynomial associated with the Weyl group W r ( [21] ).
In the following theorem we state the multiplicity formula of Y (sl n ). For simplicity, we only consider the essential cases when the differences of roots of Drinfeld polynomials are integers. 
in the Grothendieck group of C Y (sln) , where w 0 denotes the longest element of W r .
Proof. Due to the well-known Kazhdan-Lusztig conjecture ( [22, 23] ) and the translation principle ( [24] ), one has 
in the Grothendieck group of C Y (sln) . Hence (2) is proved and (1) follows form Proposition 14 and (3.2.5).
, then x R ≥ w R and P w,xR (q) = P wR,xR (q) (resp. x L ≥ w L and P w,xL (q) = P wL,xL (q)), where w L denotes the longest length representative in the coset W λ w (see [25, Corollary 7.14] , for example). Hence it follows that P w,xLR (q) = P wR,xLR (q) = P wLR,xLR (q).
Remark 17. In the case when λ − µ, µ − ρ ∈ P + r,Z , one can obtain a resolution of the simple tame module V (λ, µ) from the BGG-resolution of L(µ) by applying the exact functor D ℓ • F λ . This provides an alternative proof of the resolutions of the simple tame modules constructed by Cherednik ([26] ).
Proof of Proposition 7
Let M be an H ℓ -module and U ⊂ M be a simple W ℓ -module such that D ℓ (U ) = 0 as in the proposition. The proof is divided into 4 parts. 4.1. LetC H ℓ be the category of H ℓ -modules who decompose into (possibly infinite) direct sum of finite-dimensional W ℓ -modules. LetC Y (gl n ) be the category of Y (gl n )-modules who decompose into (possibly infinite) direct sum of finite-dimensional gl n -modules. Extend the Drinfeld functor D ℓ to the functor from categoryC H ℓ to the categoryC Y (gl n ) . It is easy to see that the extended functor D ℓ is still an exact functor.
Let ν = n i=1 ν i ǫ i be the partition such that U ∼ = U (ν ′ ), where ν ′ denotes the transpose of ν as before. Define an W ℓ -module
where C1 sign,νi is one-dimensional representation of C[W νi ] such that s i · 1 sign,νi = −1 sign,νi . It is well-known that there exists a surjective homomorphism ϕ W :
is surjective and
Hence it is suffice to prove that
ThenD ℓ defines an exact functor from the category of gr H ℓ -modules who decomposes into direct sum of finite-dimensional W ℓ -modules to the category of U (gl n [t])-modules decomposes into direct sum of finite-dimensional gl n -modules. Now introduce a filteration on J(ν) by the followings;
LetJ(ν) denote the the corresponding graded module of J(ν). Then, as a gr
Introduce a filteration on D ℓ (J(ν)) induced from that of J(ν);
By Proposition 5, one can easily check that
Let gr D ℓ (J(ν)) denote the corresponding graded module of D ℓ (J(ν)). Then, by the fact thatD ℓ is exact, one has
as a gr Y (gl n ) ∼ = U (gl n [t])-module. Now (4.1.1) is reduced to the following proposition.
4.3. As a preparation for the proof of Proposition 18, we shall first consider the simplest case when ν = ℓǫ i for some i. PutJ(ℓ) =J(ℓǫ i ). Then as a gr H ℓ -module,
where W ℓ act on the right-hand-side by
Lemma 19. For a fixed permutation i = (i 1 , . . . , i n ) of (1, 2, . . . , n), the set For k ∈ {1, . . . , n}, let U (gl n [t]) k denote the subalgebra of U (gl n [t]) generated by the elements E ik ⊗ t r (i = 1, . . . , n, r ∈ Z ≥0 ). [1] .
Now Proposition 18 follows from Lemma 20.
End of Proof.
